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ST.UK'tKNT  OK  HIK  PROBLKM 

The  dynimic  equation  of  RuLor-Bernoul l i  beam  subjected  to  a  moving  force 
ran  be  v  i  :  .  as  the  foil  iwi  a  g  equation 


.■Av  -  \  -  x  ) 


wlie  r  •  v  ■*  v'x,()  denotes  tbe  beam  deflection  as  i  i  ir  t  i  o  a  of  the  spatial 
r>or  It  i  ties  v  ii.j  i  be  rim,-  t.  The  lot  t«»rs  K,  I  ,  A,  •• ,  aid  ,  denote  clast  i 
mo. Sul. is  ,  second  .none. -it  of  tin*  er  iss-sect  loua !  ire  » ,  ami  the  area  itself,  the 
.  oagt  I,  sid  '■  le  mat  or  La!  d**ns  Ltv  of  the  beam,  m -spec  t  i  ly .  A  Dirac  dele  i 
function  is  denoted  by  ,  x  =  x(  t)  is  the  local  i'»n  of  the  force  P.  T  denotes 
■,aie  i  ini :  e  i.  s.ne  of  interest. .  As  usual,  a  prime  (')  denotes  differential  ion 
with  respect  to  x  and  a  .bit  (•),  dif  t'erent  iat  ion  with  respect  to  t. 

The  boundary  conditions  are  written  as 

'■.!  y"  '  1  o,  t)  +  k]  yi'1 ,1  '  **  n 
K  l  v*‘(  !l,  t )  -  koy'(0,t!  =  ') 

(  1 1 

Kly"'(..  ,tl  -  kqy(  v.  ,t)  -  ' 

HI  y" t .. ,t)  +  k/,y’  (  *.,t  1  *  1 

where  kj,  i  =  1,  2,  1,  rid  *  ire  the  spring  const mt  which  model  the  support 

char  ic  t  •*  r  i  s  1  i  as  .  Pi.  i  *  i  i  t  ill  conditions  are 


w 


,(  <  1 


( 1) 


y(x,t)  =  y i C  x ) 

liquations  (l)  through  (1)  will  be  written  in  dimensionless  form  for  the  sake 
of  general  ltv  and  simplicity.  This  is  aceonpl  i  shod  hv  the  introduction  of 
dimension  loss  parameters .  In  the  foil  wing  an  arrow  ( »)  will  be  read  as 


rep  laces” • 
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y  x  t 

y»  -  ,  x  +  -  ,  t  *  - 

k  k  T 

k. ^  X. 3  k2k 

kl  + -  .  k2  ” - 

El  K I 


k3 


k3 


..  3 


k4k 


,  k4  ♦  — 
:i  k  i 


yi  *  Ty i 


Pi3 

P  •> - 

EL 


;  i  t  H  these  new  dimensionless  parameters,  Eqs.  (1)  through  (3)  boron- 

0  -  x  <  I 


y""  +  y/y  =  P-S(x-x)  , 

y" ' ( 0 , t)  +  kjy(0,t)  =  0 
y  “(0,t)  -  k2y' (0,t)  =  0 
y"’ ( 1  ,t)  -  k3y( 1  ,t)  =  0 
y"(  1  ,t)  +  k4y(l ,t)  =  0 


0  *  t  ^  1 


0  4  t  «  1 


and 


y(x,0)  =  yQ(x) 
y(x,0)  =  yi  ( x) 
where  Ln  F.q.  (I1),  we  have 


0  <  x  <-  1 


O’) 


(2*  ) 


(3’  ; 


(■>■■»> 


which  is  dimensionless,  with 


p  A5.k 

c  =  ( - ) 

El 


1/2 


(3b) 


which  has  the  dimension  of  the  physical  time. 

Hence  then,  we  shall  obtain  solutions  for  the  problem  defined  by  Eqs. 
(I1)  through  (3')  for  various  values  of  k^,  l  »  1,  2,  3,  and  4. 
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AN  K  Jii  IV  AbliN  !'  VAiU  ATI  DNAl.  l"<Oii!.K'-1 

Hie  o  r  >t>  1  •  ■  ;i  nf  solvinv.  the  equa  t  i  on  (l'l  throuy.h  (V)  i  l  the  previous 
i .  .  ■  :  :  •  ■  •  :  ins  :  o  r  -  .1  i  i  L  ■  -  )  •  1  r  i  it  i  111!  ;>r  1  •  ■  .  O  ms  i  le  r 

’  l  -  ■ 1  (  >.r  i 

with 

i  !  •  •  -  - 

I  =  -  ,•  yv*  -r  >y*=  Ixdt 

,  i )  -r  k-iv’v  i ,  ‘ .  ‘  ’  t  > ,  t ) 

t  -  .  .•  .til  .  •'  ;  ,  •  .-I1  '  .  :  ,t  )  f 

.lx  ik--,|  -  v',,1  \) ;  v*(  X  ,  l  )  -  vj(x)y*(x,0)  >  (Ah') 

'  ■■ » 

is  cull. 'il  the  adjoint  tunefion  of  y(x,t).  It  one  takes  the 
first  variation  of  l  cons  Me  r  lay,  y(x,t)  to  he  fixed  and  ey*  to  be  completely 
»rhi  t  r.arv ,  it  is  easy  to  see  that  the  di  fferentlal  equation  (l1)  and  houndur 
condition  id’)  wlLI  be  recovered  nil  the  initial  condition  becomes 

y l x , I )  -  kqj vlx.D)  -  v„(x)l  =  0 

y(x,  t)  -  yjf x)  =  h  (  ," 1 

In  thi.  (  1"  >  .  't.  is  seen  that  if  me  let  k.%  *■  in  the  limit,  the  initial 
■xid: ‘.ion  .  > :  <'  >  will  » I  •  >  be  recovered .  The  use  i  larye  parameter  such 

as  i  ;  •.  ••  >w  i  is  t  he  pe  i  i  ■  v  thrum  Mu  ne;  hi. I  nr  the  method  of  larj'e  sprite 

cons t  l  it  .  * 

Uilu,  t.  I.,  "Vi  hr  «t  i  ons  1 1  i  Heii  hilcr  hocii;  holds  by  ,i  Finite  Element 
Forma!  if  i  '  i  <:■  .c  s  I  it"  it  ;  :  A  >  i'  i  il  cid  f :  ic  'o  r  1  i  n  i' es The  51st  Shock  and 
Vibration  bulletin,  1’nrt  Anilvticul  ‘let  hod_s_,_  Dynamics,  and  Vehicle 
S vs  t<*m.s  ,  pi) .  11  1  -  1  lh  i  I  h  ■<  1  )  . 


V.  ",'MMK  ok  SOUil'lON  KORMUL-Vri'lN 


To  tliTi'.’o  t 1  it «  fi'iito  i>li‘OiMit  C‘r[tiit  I- 


t  Ki  Vf  l  !. 


.1  l 


v”  v*"  -  .  •  y  iv’  ^  i 


0  1 1 


It  !  '  - 


;  i  ,t  ) 
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i.  i i i r  i  lb  l  O'--,  ,\i  "  am:  i  at  ••  i  i •  i . - 1 * ■  i 


t,  i  ) 


K.X-  i  k  ! 


(j) 

11  -  i :  K  ltt-j  +  1 


(.  ft- !  ) 


•  M  -  1 ) 


vtu-t  ••  '<  is  t  :u*  number  of  <i»  -.'Isi-'os  In  x  a  i.l  !., 


A  CvpU'ai.  grid  schei 


is  shown  in  Figure  6)  .  Kqu  if  ion  ( *>h )  can  now  !>■  wr  i '  t  as 

K  L  1  l  ,-l, 

-  v"  Uj)  6y*  -  (  t  j  »  -  ---  v. ■  =  }  ,  v*  ( t  j  )  d  «,d  n 
: 1-1  >  "  L  K 


i—  >\i.p  .  ■>  ij  r  KJ  --  -y*’ (!!)(:),  ) 


1  • "  ks(,  j  j )  {  ,  >)  v*k  Li  )  x  \ ,'.))! 


'  ;  ..........  1  ■  •* 


K  ,‘ks  1 

<-  -----  JUv,,(i)(  ;,,W  .1)1 

i  - !  -i 


+  —  J  df;ly1(l>6y*(il',(-,,n) 

1=1  K  0 

Lon  voct  >r  m w  Introduced.  Lot 


i  i-<  •  *  ‘jT<-  :>VC  i 


i  j  >  i  >  '  “  •  •>  i  j  )  *  i  ■*  \  l  i  )  ^  ^ 


Kijuat ion  (B)  then  hiieomes 


wher.i 


and 


K  !. 

i  =  1  j  =  l 

I4 


...  i  ‘  !• 

A  -  -  B;  Y(  i  j  . 


k.j  k  >K' 

-y*T(i  j)  bi  *•  3.'  '•  m 


i=l 


'  Y*  1  ^  <  j  >  7-  3) 


k’(<- 

I. 


1  1  > 


k  i'M 

+  oY*T(,i!4)  'i  '  :!S  '  ■*'(.  1I/1 

i  =  l  K 

K  1 4  P  K  1 '  < r) 

>SY*l(ij)  -  F(ij)  +  t.  ',Y*l(  i.O  °( i) 

i = 1  j  =  1  L  i=l  '  < 


K 


‘r2 


+  4.  «V*T(ll)  --  H(i) 

i=[  '  K  ' 


K  1 1 


,  as  it  '..in  !>i'  siion  r.iadily,  that 

.1  .1 


•\  =  ;  1  -  aT  .-  •  d-d1 

,)  0  '  -  ‘  ' 


B  = 


/‘ 

0  0 


1  r,  aY  ..  d.:.di, 
>  -  »  1 1 1 


»j  *  j  i(  0,  p)a^(  0 ,  :;)dn  ,  B  >  -  _  1 ,  ' 1 .  >  >  :  t  ; ’  1  1 

1  T  1  «  , 

Ba  =  :  a(  1 , p)a l(  l ,  n)d n  ,  B4  =  a  1  .  ■  ■  -  (  I  ,  ■  d 

0  -  ~ 


BS  =  J  a(C,l)aT(^,0)d;, 
0  - 


.1  ,1 


F(ij)  =  J  (  J()  a(  C  ,n)5(  |^ )( '>%)d.r,dn  ,  i'(|> 


ac ..  n vs,(  >(  dd 


llj  =  J  a(C,0)yi(t)(Od!. 


(  1 
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iw  i  .  'I’O  can  hi'  asse  ah  1  1  i  ii  l  l  •>;■»;*  I  "  i  r  i  :  ■  > ;  it !:  i  <i,i 

'Y*  r  K  Y  -  ‘  Y*  r*  ill  > 

3v  :  1  ■  i .  .  in-  :  ic 1  ln.it  Y*  i  s  i"t  s  i  i  j  ■  t.  i'.l  t  ■■  -ii-  nis  1. 1  1 1  it'ii  cond  ;  t  i.  .  . 

■  >  n  <  •  i  i  * 

v ; l  i * • 1 1  i  t  i  '  1  ,>!.••>!  i  in  l  i  ne  i  v  .  ,U' ;  i i  I  i  i  ’  >  n,.i  i  l  re 1  i  ';ir<*  1  . 

TV  t 

.•  »;  ii*  •  1 1  i  :  '  ;  1  '  i  •  i  . :  i  v  ■ 1  ■*  r  >  : :  s  i  i  -  1  ;  .e  d  f  >  r  oh  t  a  i  i  i  ■ 

i  ni"  r  i.-.i ;  r ■  •  1 1  is.  tji.it 

r 

h"  i  Yi1  •'"Liii'i’.v  nt  the  t  r  ive  I  I  i  or,  li'ivi1,  only  roast.  mt  vo  Locity  will  hi* 

cons  i  dered  i  i  this  r,  p,M-t  .  Thus  '  become  i  the  tine  required  tor  the  force  t  • 

rto  t  r  i  t  •>•■.•  -  i  ii  of  t!ie  he.i.n  to  the  other  mi  1,  V;  7  varies  from  »  to  >,  t 

velocity  v  caries  f  r  >m  '  to  •»  is  is  always  t  ii'te.  Since,  we  have  normal  i  ’■ 

ill  t  he  q.ir  i  i'-ters  ii  ieoyt’i  with  respect  to  •  ,  it  i  ■-  it  necessary  to  s;V"  ; 
i.  in  none  rim)  eomput.it  ions .  instead,  the  lie  it's  leo.r.th  is  considered  t  >  '• 
unity.  The  re  1 1  value  to  leny.th  can  he  recovered  si  l'l.v  by  a  multlpllc.nl  i  >•; 
o :  .  to  t  i"  nor  i.i  l  i  tted  ( dim. "is  (unless}  ones.  Then  it  sill  be  helpful  i.t  »■  i 
Kq  .  f.lii  etc,  he  related  t->  some  reference  velocity  issue  late  i  with  the  h*».n' 
characteristics.  We  shall  select  the  velocity  of  the  first  mode  of  vihratio 
l stand i  'V,  waves)  of  a  cantilevered  beam  as  this  reference  velocity  and  call 

lWu,  I.  I.,  "Vibrations  m  a  Bean  'uuler  ho  v i.iq  Loads  hy  i  Finite  Element 
Fomulat  ion  Consistent  in  hpitiil  and  Tine  Coordinates,"  The  5 1st  Shock  and 
Vibni^ion  Hu  1  let  in ,  Part  3;  AnalyL ical  Methods,  Dynamics,  and  Vehicle 
Systems,  pp.  111-130  (19.31). 


7 


v^.  Hence  tilt-  nor  :nl  i  ied  velocity  is  del  i  ned 

v 


i  i  ) ) 


NoW,  we  shall  ’■  »  his  v  vim  tile  ;»  1  r  n.ie 1  er  s  .)•  ,  :  ! 

report .  It  is  k.n  ><j  t  in  nany  textbooks  on  .'tiir  r  . 
reference  )>  t  1  it  ’  >r  t  »at  i  levered  bean,  the  :  ! 
o  i  roular  t  re! i  ■  v 

>- 1  =  (  1  .  8  7  o  )  /;•  =  3 .  '  i  ■  • 

wher.i  o  is  i  ■/  •  i  n  (  Sb  » .  the  correspond  i  i-;  i  re ;  • 

respect  ivelv 

■  I  -  —  »  'i.'ih O/c  (in  cycles  per  seconds! 

I 


i  i  i  ;i  i  s 

<r  ii  ions  hen; 

(  Is) 

>o  iro  tinoi 


Hence 


Ti  -  —  =  1.79  (in  seconds) 

«1 


2£ 

V]  =  —  =  23C.fi  =  1.12 
Tl 


(lb) 


(17) 


and 

’  f  /  T 

c  =  --  =  — - - -  0.895  -  =  0.845  (  18) 

v  j  1  . 1 2  <.  /  c  T 

where  '(  =  c/T,  as  defined  in  Kq .  (5h). 

For  tiie  results  computed  in  this  report,  ;  is  set  •. •>  tie  ten.  Hence  v  * 
8.45  or  v  is  about  nine  times  vj.  At  this  load  ’•!•••-  i :  y  ,  the  dynamic,  effect 
of  tile  moving  force  oil  t lie  beam  vibration  is  quit-  evident  as  shown  in  Figures 
l  through  5.  This  is  also  approximately  a  typical  spend  it  which  a  projectile 


^Fryba,  L .  Vibration  of  Solids  and  Structures  Under  Moving  Loads,  Noordhoff 
International,  Groningen,  1971,  p.  91. 
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moves  down  l  cannon  tub.:  v.  see ,  !  i|-  e  ;•>  I  e  ,  »■■.,„*,  .).  ri.'ui'e  1  shoo-, 

def  loot  ion  curves  tor  a  beam  w  i  t.  n  f ixed-t  i  :ed  si;ii>r's.  Curves  mnh.'r.'i!  I, 
11,  111,  and  LV  art;  -it  the  murient  wlun  I’  is  .it  1  '  ■* ,  3  ■  k ,  and  •* 1  '♦  of 

■;  r o  >  ■  ■  .  "  ;  •  : res  .1  l  h r  si ■  i  >  .i  i  .•  t  In-  sin-  ‘  :  :  ■  ;n ;>•)  i  r  l  i *  [  <■  i  . 

>  I  I  i  »,>•.!-  » i -»i { >  1  ••  sup :)  i r  t  ■  ,1 ,  f  i  set  - :  r. •  - <  . ■  ■ . •  1  r  i  :  r**spee  t  i  *••  ’ 

It  should  he  'lot**  1  lh.lt  tile  111  III  p  i  <  ivv;:..'  1  ’  .  1. .  •**  lion  the  let’ 

t  i  w  i  r  ;  i  .e  ••  i  ’  i  ,t  .  The  In'  l  i  iv  *  t  i  o  is  !  m  •  1  -  :  :  *•  ;  ■  r  t  s  1 1  •  m  :  '  e 

i  i  r  l  ■  r - •  i  ‘  t  r  >  ;  t  h  el*.*  of  t  ree- f  i  <eh  su p :).*:'(  ••  is  |. ,  .  ; :  ,;.,*  1 ,  for  e  •:  i "i,i  1  ,  ' 

i  ’  : •  !  i  !  > .  I’h i  s  ! v  i  i  i  i  ■  v.  'i  i  ’ior  has  *1  ;  ' .  >  t  > '  •  ;  ■>  v  '-’r /ho  .  ^  1 

•  it,  t  e  ,  1  •  -  *  ‘  ■  t  i.'i  e  .  ii.es  for  tie  i'.im'  ■:  f  r . :  i  sod  ipoorts  resonh  1  •• 

e  lose!  .•  to  t,:t  "ie  of  tree-tree  supports  to. in  the  fixed-free  ones. 

’.'•I  •  'ii  i‘s  if  the  "spring  roast. nits"  in  hp,  (  )  anil  (5b)  are  as 

!  1 1  low*..  ••  r  .,  f  i  <*  »i  1  rip, id  support  the  k  4  is  take  i  to  be  1 01  for  no  supp 

at  ill,  it  is  assigned  a  tero.  The  value  of  k<j  in  Kq.  (5b)  is  also  assipue 

‘  >!)•  1  I  . 

Results  prosente  I  above  are  based  on  a  pr  id  sc.liene  of  5x8  elements, 
t. i!  *rid  so hone  is  nli-un  ii  Pi  pure  6).  Win*  t  lea  1  eon ver pence  of  these 

■  i  n  i  should  be  fairly  pood  as  .1  i  s.uissed  previously  i  a  Reference  1. 

’ ’  i »  I.,  "Cinrat  ions  of  i  Hein  'hidor  ’tov  i  i  '  L>ads  hy  a  Finite  Finite  it 

'•'or  .lulat  i  >1  Consistent  in  Spatial  ia<l  Tine  door  i  i  antes , "  The  51st  Shock 
Vibration  ti.il  let  in,  Part  5;  Analytical  Methods,  Dynamics,  and  Vehicle 
Systems,  pp.  111-lVd  (1081). 

m'ryba,  Vibration  of  Solids  and  Structures  Under  Moving  Loads,  Noordhoff 
International,  Cronin, pen,  1971,  p.  01. 

^Wu,  F.  I.,  "Vibrations  of  a  Bean  Under  Moving  Loads  by  a  Finite  F,  lament 
For  mil  at:  ion  Consistent  in  Spatiil  i*nl  Tine  Coordinates,"  The  51st  Shock  .<n 
Vibration  Bulletin,  Part  3;  Analytical  Methods,  Dynamics,  and  Vehicle 
Systems ,  pp.  I ih  (1081). 
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